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Exat Ination Braneworlds
Deon Solomons , Peter Dunsby and George Ellis
Department of Mathematis and Applied Mathematis, University of Cape Town,
Rondebosh 7701, Cape Town, South Afria
In Randall - Sundrum type braneworld osmologies, the dynamial equations on the three - brane
dier from the general relativity equations by terms that arry the eets of embedding and of the
free gravitational eld in the ve - dimensional bulk. In a FRW ansatze for the metri, we present
two methods for deriving inationary solutions to the ovariant non - linear dynamial equations for
the gravitational and matter elds on the brane. In the rst approah we examine the onstraints
on the dynamial relationship between the osmologial sale fator and the salar eld driving
self - interation potential, imposed by the weak energy ondition. We then investigate ination-
ary solutions obtained from a salar eld superpotential. Both these tehniques for solving the
braneworld eld equations are illustrated by at urvature models.
I. INTRODUCTION
Motivated by developments in Superstring and M -
theory [1,2℄, muh literature has been devoted reently
to studying the possibility that our observed universe
may be viewed as a domain wall embedded in a higher
dimensional spae. It is assumed that in this senario,
the standard model interations are onned to a 1 + 3
dimensional hypersurfae (referred to as the the brane),
but the gravitational eld may propagate through the
bulk dimensions perpendiular to the brane. This view of
osmology has important onsequenes for the standard
model of osmology and in partiular for the inationary
paradigm -whih has suessfully explained many of the
standard osmologial problems.
Braneworlds with a homogeneous and isotropi os-
mology have reently been explored by a number of au-
thors [3℄ and in partiular, solutions of the Friedmann -
Robertson -Walker (FRW) dilatoni braneworlds have
been investigated by Youm [4℄.
Reent work on ination [5℄ has demonstrated that
the modied braneworld Friedmann equation leads to a
stronger ondition for ination that amounts to violation
of the strong energy ondition. At high energies, feedbak
from the bulk dampens the rolling of the salar eld, in
eet easing the ondition for slow - rolling ination for a
given self - interation, and inreasing the number of e -
foldings. Furthermore, the perturbation spetral index is
driven towards the Harrison - Zel'dovih value n = 1 - a
very desirable feature of this model.
However in the non -minimal oupling ase it is not
possible to derive an inationary model from a string
theory eetive ation on a generi bakground. This
oupling slows down the expansion of the universe, thus
spoiling the solution to the problems of large - sale stru-
ture formation and large - sale temperature anisotropy,
both reasons for whih ination has been originally in-
voked [6℄.
An algorithm for generating a lass of exat braneworld
inationary models has been reently presented by
Hawkins and Lidsey [7℄, in the ase where the dark ra-
diation omponent has been negleted
∗
. It follows that
the eld equations have a simple Hamilton - Jaobi form
and Hubble variable, whih is written as a funtion of the
salar eld, is then used as a solution - generating fun-
tion for the self - interation and sale fator evolution
a(t) (as proposed in [8,9℄).
Adopting the proposal by Randall and Sundrum [2℄,
where the dynamial equations on the three - brane dier
from the general relativity equations by terms that arry
the eets of embedding and of the free gravitational eld
in the ve - dimensional bulk, we follow a two - tier ap-
proah
†
for nding exat inationary FRW solutions to
the Braneworld Einstein eld equations that does not ex-
pliitly assume the slow - rolling approximation.
We present two ways in whih exat solutions to the
ovariant non - linear dynamial equations for the gravi-
tational and matter elds on the brane an be obtained.
In the rst approah, whih is based on a paper by Ellis
and Madsen [10℄, we examine the onstraints on the dy-
namial relationship between the osmologial sale fa-
tor and the salar eld driving self - interation potential,
imposed by the weak energy ondition. The seond ap-
proah then investigates inationary solutions obtained
from a salar eld superpotential (applied reently to the
ase of standard ination by Feinstein [8℄). Both these
tehniques of solving the braneworld eld equations are
illustrated by at urvature models.
II. PRELIMINARIES
The 5 - dimensional eld equations [2,12℄ are Einstein's
equations, with a (negative) bulk osmologial onstant Λ˜
and the brane energy -momentum providing the soure:
∗
This is motivated by the fat that the dark radiation rapidly
redshifts away and soon beomes dynamially unimportant.
†
See [710℄ where this program was rst outlined in detail.
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G˜AB = κ˜
2
[
−Λ˜g˜AB + δ(χ) {−λgAB + TAB}
]
. (1)
The tildes denote the bulk (5 - dimensional) generaliza-
tion of standard general relativity quantities, and κ˜2 =
8pi/M˜3p , where M˜p is the fundamental 5 - dimensional
Plank mass, whih is typially muh less than the ef-
fetive Plank mass on the brane, Mp = 1.2× 1019 GeV.
The brane is given by χ = 0, so that a natural hoie
of oordinates is xA = (xµ, χ), where xµ = (t, xi) are
spaetime oordinates on the brane. The brane tension
is λ, and gAB = g˜AB−nAnB is the indued metri on the
brane, with nA the spaelike unit normal to the brane.
Matter elds onned to the brane make up the brane
energy -momentum tensor TAB (with TABn
B = 0).
The modiation to the standard Einstein equations
[12℄, with the new terms arrying bulk eets onto the
brane are
Gµν = −Λgµν + κ2Tµν + κ˜4Sµν − Eµν , (2)
where κ2 = 8pi/M2p . We hoose units in whih κ
2 = 1,
and λ = 6
(
κ
κ˜2
)
. Here the tensor Sµν represents loal
quadrati energy -momentum orretions of the matter
elds, and the Eµν is the projeted bulk Weyl tensor
transmitting non - loal gravitational degrees of freedom
from the bulk to the brane. All the bulk orretions
may be onsolidated into eetive total energy density
ρtot, pressure ptot, anisotropi stress pitotµν and energy
ux qtotµ , as follows. The modied Einstein equations
take the standard Einstein form with a redened energy -
momentum tensor:
Gµν = −Λgµν + κ2T totµν , (3)
where
T totµν = Tµν +
κ˜4
κ2
Sµν − 1
κ2
Eµν . (4)
Then
ρtot = ρ+
κ˜4
κ6
[
κ4
24
(
2ρ2 − 3piµνpiµν
)
+ U
]
(5)
ptot = p+
κ˜4
κ6
[
κ4
24
(
2ρ2 + 4ρp+ piµνpi
µν − 4qµqµ
)
+ 13U
]
(6)
pitotµν = piµν +
κ˜4
κ6
[
κ4
12
{−(ρ+ 3p)piµν + piα〈µpiν〉α + q〈µqν〉}]
+
κ˜4
κ6
Pµν (7)
qtotµ = qµ +
κ˜4
κ6
[
κ4
24
(4ρqµ − piµνqν) +Qµ
]
, (8)
with non - loal energy ux Qµ and non - loal anisotropi
stress Pµν both on the brane. (Note that κ˜4/κ6 is dimen-
sionless.)
These general expressions simplify in the ase of a per-
fet uid (or minimally oupled salar eld, or isotropi
one - partile distribution funtion), i.e., for
qµ = 0 = piµν . (9)
However, the total energy ux and anisotropi stress do
not neessarily vanish:
qtotµ =
κ˜4
κ6
Qµ , pitotµν =
κ˜4
κ6
Pµν .
III. THE FRW BRANEWORLD
A. Matter desription
A homogeneous salar eld φ(t) on the brane has an
energy -momentum tensor
Tµν = ρuµuν + phµν , (10)
with ρ = 12 φ˙
2 + V (φ) and p = 12 φ˙
2 − V (φ) where φ˙2 is
the kineti energy and V (φ) is the potential energy. The
eetive total energy -momentum tensor then also has
ρtot = ρ+
36
λ2
[
1
12
ρ2 + U
]
(11)
ptot = p+
36
λ2
[
1
12
ρ(ρ+ 2p) + 13U
]
. (12)
A FRW braneworld is haraterised by vanishing shear,
aeleration, vortiity, non - loal anisotropi stress and
non - loal energy ux (see setion V equation (61) in
[12℄):
σµν = Aµ = ωµ = Pµν = Qµ = 0 , (13)
then
pitotµν = 0 (14)
qtotµ = 0 . (15)
It follows that the standard onservation equation of gen-
eral relativity holds, together with a simplied propaga-
tion equation for the non - loal energy density U [12℄
ρ˙+Θ(ρ+ p) = 0 , (16)
U˙ + 43ΘU = 0 . (17)
B. Gravitational Equations
The Einstein Field equations with Λ = 0 then beome
2
Θ˙ + 13Θ
2 = − 12 (ρtot + 3ptot) , (18)
1
3Θ
2 + 3K = ρtot , (19)
36
λ2
U = −Γ2a−4 , (20)
where K = k/a(t)2, k = 0, ±1 and Γ is a arbitrary real
onstant.
IV. GENERATING EXACT INFLATION
BRANEWORLDS
A. The Reality Condition
The eets of embedding the free gravitational eld
in the ve - dimensional bulk are represented by the or-
retion terms to the energy -momentum tensor Tµν , as
expressed in equations (11) and (12). In the absene of
anisotropi stress (pitotµν = 0) the non - loal energy den-
sity U takes the form of dark radiation with its behaviour
given by equation (20).
As a rst step to speifying a desired model, we note
that the following ombination of eld equations (18)-
(19) gives the sum of the eetive (total) energy density
and pressure:
ρtot + ptot = 2
(
K− 13 Θ˙
)
. (21)
Adding equations (11) and (12) and fatorizing the re-
sulting expression, we nd
ρtot + ptot = φ˙2
(
1 + 6λ2 ρ
)
+ 48λ2U , (22)
and substituting this relation into (21) and rearranging
terms we obtain an expression for φ˙2:
φ˙2
(
1 + 6λ2 ρ
)
= 2
(
K − 13 Θ˙
)
− 48λ2U . (23)
Denition: The Reality Condition holds i φ˙2 ≥ 0.
This statement is equivalent to the Null Energy Condi-
tion ρ+ p ≥ 0 and requires(
1 + 6λ2 ρ
)
> 0 (24)
and
2
(
K− 13 Θ˙
)
− 48λ2U ≥ 0 (25)
to hold at all times t. The fator
(
1 + 6λ2 ρ
)
is determined
by equations (11) and (19):
3
λ2 ρ
2 + ρ+ 36λ2U − 13Θ2 − 3K = 0 . (26)
In order to satisfy ondition (24) we take the positive
root of equation (26):
1 + 6λ2 ρ =
√
1 + 12λ2
[
(3K+ 13Θ2)− 36λ2U
]
. (27)
Note that the Weak Energy Condition, viz. ρ ≥ 0 and
ρ+ p ≥ 0 holds if
3K + 13Θ2 − 36λ2U ≥ 0 (28)
sine this inequality ensures that ρ is non - negative in
equation (27). The Weak Energy Condition is violated if
ρ < 0, i.e.:
1. if ondition (28) does not hold,
2. or if both inequalities (24) and (25) are reversed
‡
.
B. How to obtain Braneworlds with desired
inationary behaviour
We now present inationary braneworld solutions
based upon the Reality Conditions (24) and (25). Using
equations (23) and (27) φ˙2 an be written in the following
useful form:
φ˙2 =
2
3
Φ
∆
, (29)
where
Φ = − 48λ2U + 2(K − 13 Θ˙) (30)
and
∆ =
√
1 + 12λ2
(
1
3Θ
2 + 3K − 36λ2U
)
. (31)
A quadrati equation for the potential V (φ) is deter-
mined by taking the ombination 2(19)+(18) of the eld
equations and using equations (11) and (12):
V (φ)2 + λ
2
3 V (φ)− λ
2
9
[
Θ˙ + Θ2 + 6K+ 1λ2 Φ
2
∆2 − 36λ2
]
= 0 .
(32)
Taking the positive root
§
gives
V (φ) =
λ2
6
[√
1 + 4λ2
(
Θ˙ + Θ2 + 6K+ 1λ2 Φ
2
∆2 − 36λ2U
)
− 1
]
.
(33)
‡
Notwithstanding violation of the Weak Energy Condition,
the Reality Condition may in fat still hold, due to this double
hange in sign.
§
This ensures onsisteny with general relativity in the limit
λ → ∞.
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In order to obtain the desired inationary dynamis we
proeed as follows. (i) Choose k (and therefore determine
K); (ii) speify a (monotoni) funtion a(t) as desired,
provided the Brainworld Reality Condition is satised;
(iii) determine the expansion parameter Θ = 3a˙(t)/a(t)
and its derivative Θ˙. Integrating equation (29) gives
φ(t) and inverting gives t(φ). Finally equation (33) gives
V (t) = V (t(φ)) ⇒ V (φ). Thus the above proedure will
determine V (φ) desribing a model whih satises the
exat inationary equations on the brane (with no slow -
rolling approximation) with the desired sale fator a(t)
behaviour.
It should be pointed out that this proedure is onsis-
tent as all the above dynamial equations are satised at
all times.
C. Simple examples
1. The de - Sitter model
There is a simple solution of equations (29 - 33) for
U = 0 whih yields the simple exponential inationary
solution representing a de - Sitter universe:
a(t) ≡ exp(α(t)) = exp(ωt) , ω˙ = 0 , (34)
orresponding to a onstant potential and stationary
salar eld with no non - loal energy density:
V (φ) =
λ2
6
[√
1 +
36ω2
λ2
− 1
]
, φ˙(t) = 0 , U = 0 . (35)
This solution asymptotes to the GR result [10℄ as λ →
∞, sine V → 3ω2. An additional dark radiation de -
Sitter inationary solution exists. However, it annot be
inverted so we hose to omit it here.
2. de - Sitter expansion from a singularity
Consider now inationary de - Sitter expansion from a
singularity (a(0) = 0):
a(t) ≡ exp(α(t)) = sinh(ωt) , ω˙ = 0 , (36)
An exat solution exists if we hoose the onstant
Γ2 = 27w
4
p2 , p
2 = λ2 + 36ω2 . (37)
Now φ˙2 = 2λω
2
p e
−2α
, so that φ˙ = ±
√
2λ
p
ω
sinh (wt) .
Then we nd (for φ(∞) = φ∞)
φ = φ∞ ±
√
2λ
p
ln
∣∣∣∣tanh (ωt2 )
∣∣∣∣ ,
V (φ) =
λ2
6
(√
1 +
36ω2
λ2
− 1
)
(38)
+
2ω2√
1 + 36ω
2
λ2
sinh2
[
4
√
1
4
(
1 +
36ω2
λ2
)
(φ− φ∞)
]
.
3. de - Sitter expansion from a boune
We next onsider inationary de - Sitter expansion
from a boune:
a(t) ≡ exp(α(t)) = cosh(ωt) , ω˙ = 0 , (39)
An exat solution exists if we hoose
Γ2 = 27w
4
p2 , p
2 = λ2 + 36ω2 . (40)
Again φ˙2 = 2λω
2
p e
−2α
, so that φ˙ = ±
√
2λ
p
ω
cosh (wt) .
The salar eld solution (for φ(0) = φ0) and the potential
is
φ = φ0 ±
√
2λ
p
tan−1 (sinhωt) ,
V (φ) =
λ2
6
(√
1 +
36ω2
λ2
− 1
)
(41)
− 2ω
2√
1 + 36ω
2
λ2
cos2
[
4
√
1
4
(
1 +
36ω2
λ2
)
(φ − φ0)
]
.
4. The oasting solution
Finally let us onsider linear expansion
a(t) ≡ exp(α(t)) = ω t , ω˙ = 0 . (42)
An exat solution exists if we hoose
Γ2 =
27ω2
λ2
. (43)
Then
φ(t) =
√
2 ln |t| ,
V (φ) = 2e−
√
2φ . (44)
An interesting feature of this solution is that it is idential
to the GR ase (see equation (54) in [10℄).
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V. FLAT BRANEWORLDS WITH DESIRED
SCALAR FIELD SELF - INTERACTION
We now demonstrate how the superpotential formal-
ism developed by Feinstein [8℄ and introdued in a more
subtle way via the Hamilton - Jaobi equations in [7℄ also
yield solutions to the braneworld eld equations start-
ing from the general anzatse Θ = Θ(φ). The rst step
is to ensure that the Reality Conditions (24) and (25)
are met for any value of K. We then derive a system
of non - linear dierential equations variable in φ, that
are equivalent to the Einstein eld equations (18) - (20).
This system is solved for the at urvature ase K = 0,
with the spei ansatze Θ = θ0e
mφ
(θ˙0 = 0 = m˙). In
this way we reover the asymptoti power - law ination-
ary solution in the limit λ → ∞, or alternatively, for
mφ << 0.
A. The Braneworld Superpotential
The superpotential ansatze is
Θ ≡ Θ(φ)
in terms of the salar eld φ. We start again with ∆
dened by equation (31):
∆2 = 1+ 12λ2
(
1
3Θ
2 + 3K − 36λ2U
)
, (45)
then the loal energy density is give by
ρ = λ
2
6 (∆− 1) , (46)
and therefore the kineti energy of the salar eld ψ = φ˙
is a solution of the quadrati equation
∗∗
∆ψ2 + 23Θ
′ψ + 48λ2U − 2K = 0 , (47)
and upon setting K = 0, and eliminating the dark radia-
tion term U using equation (20),(
1 + λ
2
6 ρ
)
ψ2 + 23Θ
′ψ + 43
[
Θ2 − ρ
(
1 + λ
2
12 ρ
)]
= 0 ,
(48)
whih yields two solutions for ψ. Together with energy
onservation (16)
ρ′ +Θ ψ = 0 , (49)
one an obtain solutions for ρ(φ) and then for φ(t). The
solutions to equations (48) and (49) are real for K ≥ 0
(note that we assume U ≤ 0). There are two Reality
∗∗
prime ()′ denotes dierentiation with respet to φ.
Conditions that need to be satised in the ase K < 0,
viz.
1
9Θ
′2 +∆
(
2K − 48λ2U
) ≥ 0 , (50)
1
3Θ
2 + 3K − 36λ2U ≥ 0 . (51)
the rst of whih orresponds to the Reality Condition,
while the seond ensures that the RHS of equation (46),
and therefore ρ, is positive. The non - linear dierential
equations for the non - loal energy density and the sale
fator eα(φ) are
U ′(φ) = − 43
Θ
ψ±
U(φ) , (52)
α′(φ) = − 13
Θ
ψ±
, (53)
with the temporal equation
t′ :=
1
ψ±
. (54)
B. Power - law ination
For at urvature the Reality Condition (50) and on-
dition (51) are trivially satised. In the absene of dark
radiation, equation (48) redues to(
1 +
6
λ2
ρ
)
ψ2 + 23Θ
′ψ = 0 . (55)
Now if ψ = 0, we reover the de Sitter solutions of setion
(IVC1) provided that ρ = constant > 0. For ψ 6= 0,
equation (55) together with (49), leads to the system
φ˙ =
−2Θ′
3
(
1 + 6λ2 ρ
) , (56)
ρ′ = −Θψ .
If we assume that
Θ = θ0e
mφ
(57)
for onstants θ0 and m, the loal energy density
ρ =
λ2
6
(√
1 +
4θ 20
λ2
e2mφ − 1
)
, (58)
and (56) integrates to give
2m2θ0
3
t =
√
4θ 20
λ2
+ e−2mφ − 2θ0
λ
mφ
− 2θ0
λ
ln
[
2θ0
λ
+
√
4θ 20
λ2
+ e−2mφ
]
. (59)
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This asymptotes to e−mφ for mφ ≪ 0. Alternatively,
we reover the General Relativity result (see [10℄) in the
limit λ→∞. This asymptoti solution implies that Θ ∼
3
2m2 t , whih in turn means that
a(t) ∼ t1/2m2 (60)
i.e., the model exhibits power - law ination for m2 < 12 .
The potential is then obtained using
V (φ) = ρ− 1
2
φ˙2 (61)
together with equation (56) and has the form
V (φ) = λ
2
6
[√
1 +
4θ 2
0
λ2 e
2mφ − 1
]
− 29m2θ 20 e2mφ
(
1 +
4θ 2
0
λ2 e
2mφ
)−1
(62)
whih asymptotes to V ∼ 3−2m29 θ 20 e2mφ during power -
law ination.
VI. CONCLUSION
In onlusion, we have presented two algorithms for
solving the braneworld generalisations of the FRW equa-
tions for a single lassial non -minimally oupled salar
eld whih is onned to the brane, embedded in ve di-
mensional Einstein gravity. The rst approah, whih
mirrors the one followed by Madsen and Ellis [10℄,
does not assume any slow rolling approximation however
breaks down when the eld osillates about the minimum
of the potential well. The seond approah extends reent
work by Feinstein [8℄ where a superpotential method, in-
spired by studies in supergravity, is used to generate stan-
dard inationary solutions.
The utility of these algorithms is demonstrated
through a number of simple examples inluding the
Braneworld analogues of de - Sitter exponential ination
and power - law ination. All our solutions redue to the
standard result in the appropriate limit.
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